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0^ : Abstract 
T— I 

■ A Poincare gauge theory of (2+l)-dimensional gravity is developed. Fun- 



Q 

(N 



damental gravitational field variables are dreibein fields and Lorentz gauge 
potentials, and the theory is underlain with the Riemann-Cartan space-time. 



^ ■ The most general gravitational Lagrangian density, which is at most quadratic 

■ in curvature and torsion tensors and invariant under local Lorentz transforma- 
tions and under general coordinate transformations, is given. Gravitational 

m ■ 

G^ ■ field equations are studied in detail, and solutions of the equations for weak 

O^' gravitational fields are examined for the case with a static, "spin" less point 

W)' like source. We find, among other things, the following: (l)Solutions of the 

■ vacuum Einstein equation satisfy gravitational field equations in the vacuum 

■ in this theory. (2)For a class of the parameters in the gravitational Lagrangian 
density, the torsion is "frozen" at the place where "spin" density of the source 
field is not vanishing. In this case, the field equation actually agrees with 
the Einstein equation, when the source field is "spin" less. (3) A teleparallel 
theory developed in a previous paper is "included as a solution" in a limiting 
case. (4)A Newtonian limit is obtainable, if the parameters in the Lagrangian 
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density satisfy certain conditions. 
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I. INTRODUCTION 



Recently, lower dimensional gravity has been attracting considerable attentions. The 
(2+l)-dimensional Einstein theory has no Newtonian limit and no dynamical degrees of 
freedom, but it has non-trivial global structures. This theory has been studied mainly 
because of the local triviality and of the global non-triviality [1-3] . For the (3-|-l)-dimensional 
gravity, there have been proposed various theories alternative to the Einstein theory, among 
which we have a teleparallel theory [4] and Poincare gauge theories [5-9] . A Poincare gauge 
theory has been examined [10] also for the (H-l) -dimensional case. 

It would be significant to develop various theories of gravity also for (2+l)-dimensional 
case, which will bring us toy models useful to examine basic concepts in theories of gravity. 
In a previous paper [11], the present author has proposed a teleparallel theory of (2-1-1)- 
dimensional gravity having a Newtonian limit and black hole solutions. 

The purpose of this paper is to develop a Poincare gauge theory of (2-|-l)-dimensional 
gravity, in a hmiting case of which a teleparallel theory given in Ref. [11] is "included as a 
solution" . 

II. DREIBEINS, THREE-DIMENSIONAL LORENTZ GAUGE POTENTIAL AND 



The three-dimensional space-time M is assumed to be a differentiable manifold endowed 
with the Lorentzian metric Qn^dx^ ® dx" {/i, u — 0,1, 2) related to the fields e*^ — e'^^dx'^ 
{k — 0,1,2) through the relation g^^ — e^^-qkie^v with (77^/) =^ diag{— 1,1,1). Here, {x'^; 
/X = 0, 1,2} is a local coordinate of the space-time. The fields efc = e^kd/dx'^, which are 
dual to e'^, are the dreibein fields. The Lorentz gauge potentials A^^ ^ (= —A^'^^) transform 
according as 



RIEMANN-CARTAN SPACE-TIME 




{x) 



^A^\{x)+u:\{x)A^\{x) 



+uj'^{x)A^^,{x)-d,uj^\x), 



(2.1) 
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under the infinitesimal Lorentz gauge transformation of e'^ ^{x): 

e'\{x)^e\{x)+uj\{x)e'^{x), (2.2) 

where uj^'' =^ rf'^uj^rn is an infinitesimal real valued function of x and is antisymmetric with 
respect to k and I. Here, {rf^) is the inverse matrix of (77^/), and in what follows, raising and 

lowering the indices I, m, are accomplished with the aid of (77'^') and (rj^i). The covariant 

derivative Dk(fi of the field (p belonging to a representation a of the three-dimensional Lorentz 
group is given by 

Dkip^e''k{di,ip+'-A'^^MimV^ , (2.3) 

where M^i =^ —ia^{Mki). Here, {Mj^^^k^l — 0,1,2} is a basis of the Lie algebra of the 
three-dimensional Lorentz group satisfying the relation, 

[Mkh Mmn] = -rikmMin - VlnM km 

+'nknMim + VlmMkn , (2.4) 

Mki = -Mik , (2.5) 
and cr* stands for the differential of a. The field strengths of e'^^ and of A'''-^ are given by 

Imn ^^m^ n(^/i^ i/ di/A ^ 

_ Ak Air I Ak Air \ (0 7\ 

respectively. We have the relation, 

Rklmn — VkmRln VknRlm VlmRkn ~l~ VlnRkm 

-^{Vkmllln - r)knVlm)R , (2.8) 



where we have defined Rki Rk^im ^'^^ R R^k- 

For the world vector field V = V^d/dx^, the covariant derivative with respect to the 
affine connection F^^^ is given by 

D^V^ = d^V^ + V^^V^ . (2.9) 

We make the requirement, 

DiV^ = e^ie\D,V^ , (2.10) 
for the Lorentz vector field V'', where =^ e'^^V^. Then the relation, 

A\, = Tl^eKe\ + eKd,e''i, (2.11) 



follows, and we have 



T\, = e\T\,, (2.12) 
R^iixv = e'^xe'^iR'^p^i, , (2-13) 
Dxg^u = dxg,u - r^,^p. - F^.y^, = (2.14) 



with 



T^ux rl - F^, , (2.15) 



R'.x, d,r^^^ - d,r^^, + r^,,r:^ - r^^^ri, . (2. i6) 

The components T^^x and R^^Xp are those of the torsion tensor and of the curvature tensor, 
respectively, and they are both non-vanishing in general. Thus, the space-time M is of the 
Riemann-Cartan type. From (2.14), we obtain 
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where the first term denotes the Christoffel symbol, 

{,\] = Id'Hd.g^u + d.g^, - d^g,^) , (2.18) 
and the second stands for the contortion tensor, 

K\. = -I {t\, - - T,\) . (2.19) 

The field components e'^^ and e''fc will be used, as for the case of and in the above, 
to convert Latin and Greek indices. 

III. LAGRANGIAN DENSITIES AND GRAVITATIONAL FIELD EQUATIONS 

For the matter field </?, LM{<f, Dk(fi) is a Lagrangian [12] invariant under three-dimensional 
local Lorentz transformations and under general coordinate transformations, if LM{(p,dk(f) 
is an invariant Lagrangian on the three-dimensional Minkowski space-time. 

For the fields e*^^ and A*^'^, Lagrangians, which are invariant under local Lorentz trans- 
formations including also inversions and under general coordinate transformations and at 
most quadratic in torsion and curvature tensors, are given by 

Lt = at^'^'tkim + Pv'vk + 7«''"«fc;m + ^ , (3-1) 

Lr = aiE^'Eki + a2l^'hi + a^R^ + aR . (3.2) 
Here, tkim,i^k ^-nd Ukim are the irreducible components of T^im defined by 

tklm ^{Tklm + Tikm) + -^{VmkVl + rjmlVk) - -jTlklVm , (3.3) 



Vk = T\k , (3.4) 



and 



Ofcim — ^ -(7fc/m -I- Tmkl + Timk) , (3.5) 
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respectively, and Eki and Iki are the irreducible components of Rkimn defined by 

^kl 2^^''^ ~ Rik) (3.6) 

and 

hi 2^Rki + Rik) — -^VkiR , (3.7) 
respectively. Also, a, (3, 7, 5, oi, 02, 03 and a are real constant parameters. Then, 

l^^'ll l^d'x (3.8) 
is the total action of the system, where c is the light velocity in the vacuum and L is defined 

by 

L V^{Lg + Lm{<P, Dkip)) (3.9) 

with Lg Lt + Ln and g =^ det{g^„). For the case with ai — a2 — — 0, a 0, 
a = P = J = and with 5 = 0, the Lagrangian Lq reduces to the Einstein-Cartan 
Lagrangian [13, 14]. The field equation SL/Se^n — reads [15] 

2aRji + UiikmR"' + ^J^'%i]Rki - W\jk]R 
-2D^Fi,k + 'iv'^Fi^k + 2Hi, - rii.Lc = T^, , (3. 10) 

where we have defined 

Jijki =^ 2asRr]ikr]ji + 2r]ik{aiEji + a2lji) , (3.11) 



D ■P'ijk i^H'P'ijk ~l~ jx-^mjk 

^j^Fimk ~\~ ^k™' nFijm) 1 (3-12) 



Fijk =^ Oi{tijk - tikj) + PiVij^k - rjikVj) + 2-faijk 

— —Fikj (3.13) 



and 

Hij =^ TkiiF^^j — -TjkiFi^^ — Hji . (3-14) 
Also, Tij denotes the energy-momentum density of the field (p defined by 

^-gTij = ej^ — . (3.15) 

The field equation SJ^/SA^^ ^ — reads 



'^D^ J[ij][kl] + (^g^fc^'"*' - h^^V^^ + Ofe'"*^ J[i3][lm] 



—Hijk — Sijk (3.16) 



with 



D''J[ij][ki] == e'''-{dnJ[ij][ki] + Ai^ij.J[mj][ki] 

nJ[im][kl] + Ak^nJ[ij][ml] 



Hijk - (^a + y ^ (tkij - hji) ~ (/^ ~ 2) 

^{VkiVj - VkjVi) + (47 - a)aijk = -Hjik ■ (3.18) 



Here, Sijk is the "spin" [16] density of (p defined by 



^Sijk = -Cki, — . (3.19) 



IV. ALTERNATIVE FORMS OF THE GRAVITATIONAL FIELD EQUATIONS 

We shall rewrite the gravitational field equations (3.10) and (3.16), by using the expres- 
sion, 

— ^ijn + ^ijn (4-1) 



with Ajj^ being the Ricci rotation coefficient, 



where 



Cijk = e'^jC^kid^eix - dxCi^) . (4.3) 



There is the relation, 



Rijt^u = RijM) + Rijt^AK) (4.4) 



with 



= eixe''jR\M}) , (4-5) 

-Ki\Kjk. + K.'^^Kjk^ , (4.6) 

as is shown by substituting (4.1) into (2.7). Here, R^pij,iy{{}) stands for the Riemann- 
Christoffel curvature tensor, 

R\M}) = dJ']-d 

{t m} {p {t |p A'} ' ^ ^ 

and V^iCyv denotes the covariant derivative with respect to the Ricci rotation coefficients 
when the index is Latin, and with respect to the Levi-Civita connection when the index is 
Greek. Each irreducible part of Rijki is split into two parts, as is known by using (4.4) in 
(3.6) and (3.7), and J^ki can be expressed as 

Jijkl = Jijkl{{}) + Jijkl{K) , (4.8) 

where Jijki{{}) and Jijki{K) are formed of the irreducible parts of Rijki{{}) and of Rijki{K), 
respectively. The tensor Jijki{{}), in particular, is given by 



Jijki{{}) = '^a2VikRji{{}) + 2 (as- n.kVjiR{{}) , (4-9) 

where Rij{{}) and R{{}) are the Ricci tensor and the Riemann-Christoffel scalar curvature, 
respectively, 

RM) = e^c^.R^xua}) , Ri{}) = v''R^A{}) ■ (4-10) 

The gravitational Lagrangian Lq can be rewritten as 

Lg = a,R'^^{{})RU{}) + (as - ^] + aR{{}) 



where 



+L'T + L'^-^d,{^vn, (4.11) 



a 



+ (7--)a^''™afc,^ + 5, (4.12) 



L'^^^Ln-a2R'\{})RM{{}) 
"3 

Here, we have used the relation, 
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^gR = ^f^gR{{}) - V^g --^ 



-(as-'^){R{{})f-aR. (4.13) 
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+lv'vk + ^a'^'^^akim) - 2d^{^gv>') . (4.14) 
Using the above formulae in (3.10), we get the alternative form of the field equation for e*^, 
2aG,,({}) + ^(5a2 + l2as)R^,{{})R{{}) - 2a2R^\{})R,k{{}) 

+rj,j [a,R'\{})RM) - + as) {Rii})?} + a,rj,,{^R'\{})R,i{K) - R{{})R{K)} 
+a2Rij{{})R{K) + ^(a2 + 6as)R{{})Rji{K) - 2a2Ri\{})Rjk{K) + Uiikm{K)R'' 

-r)ij{L'T + L'j,)^T,j, (4.15) 
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where Gij{{}) is the three-dimensional Einstein tensor, 



GM)'^'RM)-lvijR{{})- (4.16) 



Here, we have defined 

2ct 



We have the relations. 



+2(7-^)a,,-. = -i^,,-, (4.17) 



H',, nuF"', - \T,,,Ft' = . (4.18) 



^ijk = 2^Hijk - Hikj - Hjki) (4.19) 



and 



Hijk = 4, - F;,, , (4.20) 

as is shown by comparing (3.18) and (4.17). The field equation for A^^ n is rewritten as 

a2\ 



2a2V[,G',]fe({}) -8[as + -jj m[idj]G{{}) + 2{D' - VVfo1M({}) + 2L''%[fei](X) 

+ (^tfet'™^ - 4^"^^ + a^'™) - H,,k = S,,k , (4.21) 



where G{{}) =^ ri''^Gij{{}). By examining the alternative forms of the gravitational field 
equations (4.15) and (4.21), we find the following: 

(1) For the case with Sijk = and with T^j = 0, any solution of the equations 

Gi,({})-%A = 0, (4.22) 

Tijk = , (4.23) 

satisfies (4.15) and (4.21) with S — 2A(a + 6a3A). We can say shortly, "Solutions of the 
vacuum Einstein equation are solutions of the vacuum gravitational field equations in this 
theory." 
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(2) The equation (4.21) does not contain third derivatives of the metric tensor, if and 
only if 

02 = aa = . (4.24) 

(3) When the condition (4.24) is satisfied, then (4.15) and (4.21) are considerably sim- 
plified. In (4.15), the terms quadratic in the Riemann-Christoffel curvature tensor are all 
vanishing. In (4.21), the first three terms disappear, and all the remaining terms are linear 
or quadratic in the torsion tensor. Thus, if the intrinsic "spin" of the source is vanishing, 
Sijk = 0, then (4.21) is satisfied by the vanishing torsion, and when the torsion vanishes, 
(4.15) reduces to the equation, 

2aGij{{})-rjijS = Tij. (4.25) 

For the case with a = 1/2k with k being the "Einstein gravitational constant", (4.25) agrees 
with the Einstein equation, because T^j—Tji for a vanishing S'jjfe, as is seen from (5.10) of 
the next section. The following, however, should be noted: The torsion tensor does not 
necessarily vanish, even when the condition (4.24) is satisfied and the intrinsic "spin" of the 
source field is vanishing. 

(4) When the condition oi = is satisfied in addition to the condition (4.24), then (4.15) 
and (4.21) reduce to 

2aG,,({}) - 2D'Fl., + 2v'F',., + 2H[. - rj.jL'^ = T,,- (4.26) 

and 

— Hijk — Sijk , (4.27) 

respectively. The torsion tensor is linearly dependent on S^k, if 

(3a + 2a) {2(3 - a) (47 - a) 7^ , (4.28) 

as is seen from (3.18) and (4.27). Thus, the torsion is "frozen" at the place where the "spin" 
density Sijk does not vanish. 
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If Sijk = 0, (4.15) for the present case reduces to (4.25). Also, the field equations for the 
■spin" less source fields agree with those in the Einstein theory. 



V. EQUATION OF MOTION FOR MACROSCOPIC BODIES 

We shall derive the equation of motion for macroscopic bodies, which can be done in a 
way similar to the case of the (3+l)-dimensional theory [7]. 
From the fact that gravitational action integral. 



"^'^jhad^x (5.1) 



with 



Lg = ^/^LG , (5.2) 



is invariant under general coordinate transformations, the identity. 



= a.{v^(y/ + z.j'^A'^,)} , (5.3) 



follows, where 



=5y.-1.'-|£ (5.4) 

and 

The gravitational field equations SL/Se^^ — and SL/SA^^ — can be expressed as 

V = V (5-6) 

and 

Zij — ~Sij , (5-7) 
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respectively. By using (5.6), (5.7) and the formula, 

= x/=^(V.V + Aa.m>''") , 
in (5.3), we obtain the response equation to gravitation, 

^ AV.(,/=^5,/) ^ . 



(5.8) 



Also, the identity. 



'-9 



(5.9) 



2 6^ 



(5.10) 



follows from the invariance of the total action I under local Lorentz transformations. Here, 
we have defined 



(5.11) 



We obtain 



1 



'-9 



0, 



(5.12) 



by the use of (5.10) and of the field equation 6L/6ip = SLm/S^p = in (5.9). We apply this 
equation to the motion of a macroscopic body for which effects due to the "spin"s of the 
constituent fundamental particles can be ignored, then the energy-momentum tensor of a 
macroscopic body is symmetric and satisfies the conservation laws. 



V.T/ = . 



(5.13) 



Prom (5.13), we can show, in a way quite similar to the case in the four-dimensional Einstein 
theory, that the world line of a macroscopic body is the geodesic line of the metric g^^dx^ ® 
dx". 
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VI. TWO LIMITING CASES 



A. The case with ai — oo{i = 1, 2, 3) 

Suppose that the parameters ai{i — 1,2,3) have the expression 

= j^tti, {i = 1,2,3) , (6.1) 

where / is a parameter characterizing the magnitude of a^'s and it can be regarded as 
standing for the couphng strength between the Lorentz gauge field and the matter field (p. 
Multiplying both sides of (3.16) by p and taking the limit / ^ 0, we get 

2L'^J[,,-][M] + - SkK^^ + afe'"^) J[,,-][,^] = , (6.2) 

where 

Jijki 2a3Rrjikrjji + 2r]ik{aiEji + a2lji) . (6.3) 

By substituting Rijki — 0, which is a solution of (6.2), into (3.10), we obtain 

- 2D''Fijk + ^v'^Fijk + 2Hij - riijLT = . (6.4) 

Specifically, if we set A^^ ^ — 0, (6.4) with 5 — reduces to (3.7) of Ref. [11], which is the 
gravitational field equation in a teleparallel theory. Even for this limiting case, the theory 
given in this paper is not identical to the theory developed in Ref. [11], because (6.2) does 
not necessarily imply Rijki = 0. To put it briefiy, the teleparallel theory developed in Ref. 
[11] is "included as a solution" in the limiting case with — > oo, {i — 1, 2, 3) and with 5 — 0. 

B. The case with a —>■ oo, (3 ^ oo,^ ^ oo 

When a, (3 and 7 become large, the torsion tensor becomes infinitely small with Hij^ kept 
finite, which follows from (3.16). In the limit of a — > 00, /3 — > 00,7 — > 00, the underlying 
space-time is of the Riemann type, and Hijk is given by 
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Hijk — — 2a2V[iG'j]fe({}) 

-8 (as + I) Vk[^^J}G{{}) - S,,k , (6.5) 

which is obtained from (4.21). By using (2.8), (4.19) and (6.5) in (4.15), we obtain 

2aG,,({}) + ^(7a2 + 6as)RM)R{{}) - Sa^i?.^ {})/?,.({}) 

-rjij (^-3a2R''i{})Rkii{}) + ^(5a2 + 3a3)(i?({}))') + 2a2V'=VfcG',,({}) 

-^(a2 + Qas){r]ijV''Vk - ViVj)G{{}) 

This equation is obtainable also directly from the Lagrangian L =^ Lqr + Lm{'^-,'^ kV)-, 
where 

Lgr a,R'\{})Rki{{}) + (aa - |) (i?({}))^ 

+aR{{}) , (6.7) 

Vk^ e\ [d^ip + '-/\'^\Mim^^ . (6.8) 



VII. LINEARIZED GRAVITATIONAL FIELD EQUATIONS AND RELATION TO 

THE NEWTON THEORY 

A. Linearized equations 

We now examine the gravitational field equations in the weak field situations in which 

aV = eV-5V (7.1) 

and A'^ ^ are so small that it is sufficient to keep only terms linear in a'^ and in A'^ ^. In 
this approximation, Greek and Latin indices need not be distinguished with each other, and 
thus we shall use Greek indices throughout the present section with the understanding that 
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they are raised and lowered with (rj'^'') =^ (ViJ-iy) ^ ^^'^ {Vnv) diag(—l, 1, 1). For this case, 
the components Qf^i, of the metric tensor has the expression 

Qnu = Vni^ + K'^ (7-2) 

with 

h^u =^ a^,^ + a^^ . (7.3) 

Noting (4.1) and (7.1), we employ a^^ and the torsion tensor T^^y as independent field 
variables, and express the linearized gravitational field equations in terms of them. In 
what follows, we consider the case with 5 — Q only, because the " cosmological term" 5 
in the Lagrangian Lt is not in harmony with our weak field approximation. After some 
calculations, we find that (4.15) and (4.21) take the forms 

2aGW - 2d>^F% = (7.4) 

and 

^iilu = -Sxnu , (7.5) 

respectively. Here, we have defined 

= dxd^,h\) - ^d.dyh - ^nh^y lr],y(d,dX' - ^h) , (7.6) 



.HI) d,f 1^ ^^^^^ _ ^^^^^ + (/? - I) {rj,.v, - rj,,v.) + 2 (7 - ^) a,., - 

(7.7) 



Z^xiu = «2 (^aG^ - ^^gS) + 8 (a3 + ^) r7.[A9^]G(^) + (ai + a2)vu[^.dpdjp\] 



6 

+^(3ai + a2- 48a3)rjy[f,dx\dav'' + ^(ai + a2){dud[f,vx] + ?7,.[An'y^]} 
+aia,a[^aA]/ + H^^^^ (7.8) 
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with (7(1) r'^G^^l h Tj^^h^,, □ d^^df, and 

(7.9) 

These G^^}, F'^^j;^, G^^) and H^^/liy the hnearized expressions for F^,,^' -^A/lu^, 

and Hx^u, respectively. In the lowest order approximation now considering, we have 
the differential conservation law, 

9.r/ = o (7.10) 

and the Tetrode formula, 

9a-5^/ = V] ■ (7-11) 

The field equations (7.4) and (7.5) are invariant under the infinitesimal gauge transforma- 
tions: 

hL = V + 9i,A, + a,A/, , (7. 12) 



with and cU/j^i, being both arbitrary infinitesimal functions. The transformations (7.12) 
and (7.13) are the infinitesimal versions of the general coordinate and local gauge trans- 
formations, respectively. The invariance under the transformation (7.12) means that the 
antisymmetric part aj^j,] does not have physical significance. By virtue of the invariance 
under the transformation (7.12), we can put the harmonic condition, 

= , (7.14) 

which is assumed from now on. Here, we have defined 

V V ~ ^Vfiuh . (7.15) 
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The linearized Einstein tensor now takes the form, 



= —Oh,. . (7.16) 
It is convenient to decompose (7.4) into the symmetric and antisymmetric parts: 

2aGW - 3 (a + y ) d\,x 

-2 (/3 - I) {v,ud\x - d^,v,)) = r(^.) , (7.17) 



2a 

-4(^7-^jaVA = V]- (7-18) 
Taking the trace of (7.17), we obtain 

2aG^^^ d^'^x = T (7.19) 

with T =^ ri'^^Tui,. Both sides of (7.4) are divergenceless because of (7.10), while the diver- 
gence of (7.5) with respect to u gives (7.18) by virtue of (7.11). Thus, the field equations 

(7.4) and (7.5) give (9 + 9) — (3 + 3) = 12 independent equations for 3 + 9 = 12 independent 
field variables. 

B. hoo due to a static, "spin" less point like source 

Using (7.8), (7.17) and (7.19) in the the symmetric part of the divergence of (7.5) with 
respect to x^, 

d'Z^l^) = , (7.20) 

we obtain the fourth-order field equation for /i^,^, 

>!□ V + Bn%, + C{r]^,a - d^d,)ah = T^;^^ (7.21) 

with 
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(7.22) 



B 



def 



80:02 

3a + 2a ' 



(7.23) 



and 



6(2/3 - a) 



{S(3{a2 + Gas) — 8002} 



002 



3a + 2a 



+2d^d'^d^^S,)Xp 



(7.24) 



(7.25) 



It is worth mentioning that the parameters oi and 7 do not appear in (7.21) with (7.22)- 
(7.25). We consider now the gravitational field produced by a static, "spin" less source 
located at the origin, for which S\^y is vanishing and T^y is given by 



T, 







, otherwise 



(7.26) 



with r = {x^,x^). For this case, T^^^^ has the expression 

Tff = Mc' {5\f) + {P + Q)A5\t)} , 

Oa ~ aO — "J ) 

= Mc2(P - Q){d^dp - 5^pl^)5\r) , 

where the indices a and (3 run over 1 and 2, 
A (ai)2 + (^2)2 and 

02 



p def 02 + 24a3 ^ def 



6(2/? - a) 
Taking trace of (7.21), we obtain 



?>a + 2a 



(7.27) 



(7.28) 



Auh +{B + 2C)U^h = r(^^) , 



(7.29) 
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where h ^ r]'^''hni,, and 

rpies) def ^M-7^(eff) ^ -Mc'S^r) - 2Mc^PA5\r) . (7.30) 

In the following, we shall solve (7.21) and (7.29) to give a time-independent circularly sym- 
metric potential /iqo for each of four cases. 

1. The case with a ^ 
For this case, (7.29) is solved, by utihzing the method of Fourier integral, to give 



— Mr Mr r 

n(r) = -—lo,r^—(2PA-B-2C)j 



-d'k 



[B + 2C)k^ - A 

+Ci j 5{{B + 2C)k'' - Ay^-^dFk + C2 (7.31) 

with Ci and C2 being integration constants, r =^ |f| and k =^ (/ci,/c2)- Substituting (7.31) 
into (7.21) with = 1/ = 0, solving the equation thus obtained and using (7.22), (7.23) and 
(7.24) and the formula, 

JJkr) = — / e^'^'^'^de , (7.32) 

ATT Jo 

we obtain 

Mc^a2(Sa + 2a) f°° kJo(kr) 



^^'^'^^ I 



3aa2k'^ — a(3a + 2a) 



dk 



Mc' (02 + 2403) (2/3 -g) kJ^{kr) 

^ 47ra io 2/?(a2 + 24a3)A;2 + 3a(2/3 - a) 

/■oo 

+67rCi|2/? - o| / i5(2^(o2 + 2403)*^ + 3a(2^ - a))kJo{kr)dk 

+C3|3a + 2a| f H^'^k^ - "(3" + ^"Mikr) ^ 
Jo k 



def 

with k = \k\, and C3 and C4 being integration constants. Here, Jo denotes the Bessel 
function of the first kind and of index zero. 
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2. The case with a = and aPa2{a2 + 24a3) 7^ 



In a way similar to the case 1, the solution 

^ Mc\3a + 4(3)^ Mc^a^ + Qa^) 2, 

hoo(r) — — ^log? ; -r logr 

^ ' 24na(3 ^ 4^2(02 + 2403) 

+C,r^ + Ce (7.34) 
is obtained, where C5 and Cq are integration constants. 

3. The case with 02 — ^ 00, 03 — ^ 00 and a(3 7^ 
The parameters 02 and 03 are assumed to have the expression 



a, = ^, (^ = 2,3) (7.35) 



with / being a real constant, and we consider the limiting case with / ^ 0. Multiplying 
both sides of (7.21) and (7.29) by and taking the limit / ^ and following a similar 
procedure as in the above, we find 

hooir) = ^^^McHogr + C,r' + Cs (7.36) 
with C7 and Cg being integration constants. 

4- The case with a 00, P ^ 00 and a 7^ 
The potential for this case is given by 

hoo{r) = / —p^ afcH / — - — , _ dk 

Ana Jo 02/? — a Ana Jo (02 + z4a3jA;^ + 6a 

^ 2Cg{a2 + 603) S{{a2 + 24a3)A:^ + 3a)kJo{kr) ^^^^ 

3 JO a2/c^ — a 

|» S((a, + 24a,)k^ + 3a)Mkr)^^ ^ p S(a,k^ - a)Mkr) ^ 

Jo k Jo k 

with Ci {i—9, 10, 11) being integration constants. 
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C. Relation to the Newton theory 



We consider a macroscopic body for which effects due to the "spin" s of the fundamental 
constituent particles can be ignored. The world line of motion of this macroscopic body mov- 
ing freely in the space-time under consideration is the geodesic line of the metric g^ydx^^dy , 
as has been known in Sec.V. Thus, when the motion is sufficiently slow and the gravitational 
field is weak, this body obeys the equation of motion, 

d'^r dU 

with U = -c2/ioo/2. Neither of the solutions (7.33) and (7.37) can give a Newton poten- 
tial. The potential U given by the solution (7.34) satisfies the Newton equation for the 
gravitational potential. 

At/ = A'KGMdif) , (7.39) 

if the conditions 

3« + 4/3 = -^^^, (7.40) 

02 + 6a3 = , (7.41) 

are both satisfied and when the integration constants C5 is chosen to he zero: C5 = 0. Here, 
G stands for "Newton gravitational constant". Also the solution (7.36) gives the Newton 
potential, if the condition (7.40) is satisfied and if Cj — 0. Thus, each of the case 2 with the 
conditions (7.40) and (7.41) and of the case 5 with the condition (7.40) can give a Newtonian 
limit by a suitable choice of the integration constant. But, it should be noted that the field 
equations for h^j^i, are fourth- order differential equations for both cases. 

VIII. SUMMARY AND COMMENTS 



We have formulated a Poincare gauge theory of (2-1-1 )-dimensional gravity and the results 
can be summarized as follows: 
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(1) The theory is underlain with the Riemann-Cartan space-time, and the gravity is 
attributed to the curvature and the torsion. The most general gravitational Lagrangian, 
which is at most quadratic in curvature and torsion tensors, is given by Lq == Lt + Lr with 
Lt and Lr being given by (3.1) and (3.2), respectively. 

(2) The gravitational field equations are given by (3.10) and (3.16), the alternative forms 
of which are (4.15) and (4.21), respectively. 

(3) Solutions of the vacuum Einstein equation with the cosmological constant A satisfy 
the vacuum gravitational field equations with 6 = 2A(a + GosA). 

(4) Equation (4.21) does not contain third derivatives of the metric tensor, if and only 
if a2 — — 0. For the case with a2 — — 0, the vanishing torsion satisfies (4.21) with 
Sijk = 0, and (4.15) reduces to the Einstein equation (4.25) for the vanishing torsion. 

(5) For the case with ai = a2 = 03 = and with (3q; + 2a) (2/3 — a) (47 — a) 7^ 0, the 
torsion is "frozen" at the place where the "spin" density Sijk does not vanish. If a = l/2«; 
in addition and the source field is "spin" less, field equations for the gravitational and source 
fields agree with those in the Einstein theory. 

(6) The world fine of the macroscopic body is the geodesic fine of the metric gni,dx'^®dx^ , 
if the effects due to the "spin" of the fundamental constituent particles can be ignored. 

(7) In the sense mentioned in Sec. VI A, the teleparallel theory developed in Ref. [11] is 
"included as a solution" in the limiting case with Oj — > oo(i = 1, 2, 3) and with 5 — Q. 

(8) For the case with a— >oo,/3— >oo,7— >oo, the underlying space-time is of the 
Riemann type. 

(9) The linearized field equations lead to the fourth-order differential equation (7.21) for 
weak gravitational potentials. For the gravitational field produced by a static "spin" less 
point like source, (7.21) has been solved to give the potential U =^ — c^/ioo/2. The solutions 
are classified into the four cases 1, 2, 3 and 4- Each of the case 2 with the conditions (7.40) 
and (7.41) and of the case 3 with the condition (7.40) can give a Newtonian hmit by a 
suitable choice of the integration constant. 

The following is worth to be mentioned: 
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(a) Even for the case with oi = 02 = 03 = 0, a = 1/2k and (?>a-\-2a){2(5 — a){A'y — a) ^ 0, 
field equations are different from those in the Einstein theory, if the source field has non- 
vanishing "spin". For this case, space-times in the vacuum regions are locally the same 
as those in the Einstein theory, but the quantized theory and non-local properties such 
as the gravitational Aharonov-Bohm effect [17, 18] due to the "spin"ing source fields are 
presumably different from those of the latter theory. 

(b) The condition (7.40) agrees with the condition (5.11) in Ref. [11] in its form. This 
is quite naturally understood, if we note the discussions in Sec.VI A and in Sec. VII B 3 
and the fact that the parameter ai does not appear in the linearized equation (7.21) with 
(7.22)-(7.25). 

(c) As is known from (3), black hole solutions [19, 20] of the ordinary three-dimensional 
vacuum Einstein equation with a negative cosmological constant satisfy the vacuum grav- 
itational field equations in our theory. Also, it is worth adding that these solutions are 
independent of the black holes in a teleparallel theory discussed in Ref. [11]. 
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